We study the Collins function H ⊥ 1 of the Λ hyperon, which describes the fragmentation of a transversely polarized quark into an unpolarized Λ hyperon. We calculate H ⊥ 1 for light quarks of the Λ hyperon, in the diquark spectator model with a Gaussian form factor for the hyperon-quarkdiquark vertex. The model calculation includes contributions from both the scalar diquark and vector diquark spectators. Using the model result, we estimate the weighted cos 2φ0 asymmetry in the process e + e − → ΛΛX contributed by the coupling of two Collins functions. The QCD evolution effects for the first kT -moment of the Collins function and the unpolarized fragmentation function D1(z) are also included. The results show that asymmetry is sizable and measurable at the kinematical configurations of Belle and BaBar experiments. We also find that the evolution effects play an important role in the phenomenological analysis.
I. INTRODUCTION

The Collins function [1] H
is a novel transverse momentum dependent (TMD) fragmentation function which encodes the correlation between the transverse spin of the fragmenting quark and the transverse momentum of the unpolarized final-state hadron. As a Time-reversal-odd (T-odd) function, Collins function can be served as a quark spin analyzer and also be used to explore the non-perturbative fragmentation mechanism of hadrons. The experimental measurements of the pion Collins function came from several single transverse spin asymmetries in semi-inclusive deep inelastic scattering (SIDIS) [2] [3] [4] [5] [6] [7] [8] from the HERMES and the COMPASS Collaborations, and the azimuthal asymmetry in e + e − annihilating process [9] [10] [11] [12] [13] from the BaBar and Belle Collaborations. Combining the experimental data from SIDIS and e + e − annihilating processes, one can extract the Collins function as well as the transversity distribution function [14] [15] [16] [17] , which makes the Collins function a useful tool to investigate the internal structure for hadrons. Recently, the azimuthal asymmetry of charged kaon pair production in e + e − annihilation was measured by the BaBar Collaboration [18] , making the extraction [19] of the kaon Collins function possible. In addition, several model calculations of the Collins functions of the pion and kaon have been presented in Refs. [20] [21] [22] [23] [24] [25] and used to make predictions on the physical observables [22, 26, 27] .
Although in the past a lot of experimental data and theoretical analyses have provided information about the Collins functions for pion and kaon mesons, knowledge about the Collins function of the Λ hyperon is much more limited. Meanwhile there are increasing interests on the novel fragmentation mechanism of the Λ hyperon, as it is partly responsible to the observed spin polarization or spin transfer of the spin-1/2 Lambda hyperon produced in high-energy inclusive process [28] [29] [30] [31] [32] [33] [34] [35] [36] . A T-odd spin-dependent TMD fragmentation D ⊥ 1T (z, k 2 T ), which describes the number density of a transversely polarized Λ hyperon fragmented from an unpolarized quark, is found to play an important role in this aspect and has been studied intensively [1, [37] [38] [39] [40] [41] [42] . As the chiral-odd partner of the fragmentation function D ⊥ 1T (z, k 2 T ), the Collins function of the Λ hyperon also contains complimentary information of the lambda fragmentation and can give rise to the azimuthal asymmetries in high energy process. In order to understand the underlying mechanism of transversely polarized quark fragmenting to unpolarized lambda, we resort to model calculation to acquire the knowledge of the corresponding non-perturbative quantity, which is the main goal of this work. For this purpose, for the first time, we calculate the lambda Collins function for the up, down and strange quarks, using a spectator model [43, 44] . The spectator model has been applied to calculate the Collins functions of the pion and kaon mesons [20] , as well as as well as the twist-3 collinear fragmentation function of the pion [45, 46] , with a pseudoscalar pion-quark coupling and Gaussian form factors at the pion-quark/antiquark vertex. In these cases the quark or antiquark is taken as the spectator system. The calculation presented in Ref. [20] showed that the model resulting pion Collins function is in reasonable agreement with the available parametrization [47] . Recently, the spectator model has also been extended to calculate the fragmentation function D ⊥ 1T of the Λ hyperon in Ref. [48] . In this case the spectator system is a diquark, and the calculation includes contributions from both the scalar diquark and vector diquark.
The Collins function can enter the description in SIDIS, e + e − annihilation and inclusive hadron production in hadron collision. To test the feasibility of measuring the lambda Collins function in experiments, we will study the unpolarized e + e − → ΛΛX process, in which only fragmentation functions are involved. In this process, the convolution of two Collins functions can generate at leading order (in the expansion of 1/Q) a cos 2φ 0 azimuthal asymmetry [49, 50] . The theoretical approach to analyze the asymmetry is the TMD factorization in which the evolution formalism of the TMD function is very complicate. To avoid the complicity, in this work we study the q 2 T weighted azimuthal asymmetry in e + e − → ΛΛX, with q T the transverse momentum of the virtual photon. In the weighted procedure the differential cross-section can be expressed as the product of the first k T -moments of the Collins function H 
, which describes the number density of an unpolarized Λ hyperon fragmented from a transversely polarized quark [51] :
where P Λ T is the transverse momentum of the Λ hyperon with respect to the quark momentum k, S q is the spin vector of the fragmenting quark, and z and M Λ are the light-cone momentum fraction and the mass of the produced Λ hyperon, respectively . Either H ⊥ 1 or ∆D Λ/q ↑ may be referred to as the Collins function defined in Refs. [51] [52] [53] . The relation between them is
where k T is related to P Λ T by k T = −P Λ T /z. The Collins function can be calculated from the following trace
Here, the quark-quark fragmentation correlation function ∆(z, k T ; S Λ ) is defined as [54, 55] 
z . The Wilson line U is used to ensure gauge invariance of the operator [56, 57] . The final state |P Λ , S Λ ; X describes the outgoing Λ hyperon with momentum P Λ and spin S Λ together with the intermediate unobserved states. In this paper we perform the calculation in a diquark spectator model [43, 44] , which includes both the spin-0 (scalar diquark) and spin-1 (vector diquark) spectator systems [54, 58] . The quark fragmentation process (taking up quark as an example) can be modeled as u → Λ(uds) + D(ds), with D denoting a diquark. The matrix element appearing in the r.h.s. of Eq. (4) has the following form Here Υ D (D = s or v) is the hyperon-quark-diquark vertex and ε µ is the polarization vector of the spin-1 vector diquark. In our work, the vertex structure is chosen as follows [44, 48] 
where
is the suitable coupling for the hyperon-quark-diquark vertex. In this work we assume that g s and g v are the same: g s = g v = g D , and we adopt the Gaussian form for g D :
where g ′ D , λ, α and β are the model parameters. In the diquark model, the nonvanishing Collins function comes from the one-loop corrections which provide the necessary imaginary phases in the scattering amplitude [59, 60] . At one-loop level, there are four diagrams that can generate imaginary phases, as shown in Fig. 1 . In Figs. 1(b) and 1(d), the notation Γ is used to depict the gluondiquark vertex, and we apply the following rules for the vertex between the gluon and the scalar diquark (Γ s ) or the vector diquark (Γ v ):
Here, T a is the Gell-Mann matrix, and g is the coupling constant of QCD. Since the Λ hyperon is colorless, it is expected that the spectator diquark should have the same color as that of the parent quark. The Feynman rules for the eikonal line as well as the vertex between the eikonal line and the gluon can be found in Refs. [20, 56, 61] .
Following the previous work [48] in which the fragmentation function D ⊥ 1T for the Lambda hyperon has been calculated in the same model, we perform the integration over the loop momentum l with the help of the Cutkosky cutting rules. In the l.h.s of Fig. 1(b) and 1(d) , in principle the momentum l enters the form factor for the hyperonquark-diquark vertex with the form g D ((k − l)
2 ). To simplify the integration we choose that in any case the form factor g D depends only on the initial quark momentum k, since the main effect of the form factor is to introduce a cutoff in the high k T region. The same choice has also been used in Refs. [20, 45] .
The expression for H ⊥ 1 of the Λ hyperon, coming from the scalar diquark component, is as follows
Similarly, using the gluon vertex given in Eq. (9), we can also calculate the expression for H ⊥ 1 contributed by the vector diquark component
Here A, B, C and D are functions of k 2 , m q , m D and M Λ ,
The functions I i in the above equations are defined as 
. In the assumption of the SU(6) spin-flavor symmetry of octet baryons, the Collins function of the Λ hyperon for light quarks satisfies the following relations between different quark flavors and diquark types [62] [63] [64] ,
where u, d and s denote the up, down and strange quarks, respectively. The contributions to the Collins function H ⊥ 1 from scalar diquark and vector diquark are given in Eqs. (10) and (15) . It is necessary to point out that the Collins function should obey the following positivity bound [24, 65] , which is a useful theoretical constraint:
After performing the integration over k 2 T , we can obtain the following approximated relation
(z) is the half k T -moment of the Collins function defined as
and
is the collinear unpolarized fragmentation function. In this work we would like to check whether the Collins function of the Λ hyperon in our model satisfies the positivity bound, particularly, the weaker version (21) .
For the unpolarized fragmentation function D 1 (z) of the Λ hyperon needed in the comparison, we apply the result from the same model in Ref. [48] as
To obtain this result, the mass differences among the up, down and strange quarks are neglected, and the SU(6) spin-flavor symmetry is also applied [48] . The values of the last three parameters are fixed.
that is, the light quarks fragment equally to Λ for the unpolarized fragmentation function D 1 .
In Table I , we list the parameters [48] 1,Λ/u (z) is negative in the small z region (0 < z < 0.5), while it turns to be positive in the large z region (0.5 < z < 1). That is, there is a node in the z-dependence of the Lambda Collins function for the up and down quarks. This is different from the Collins function of the pion for which no node appears. We also find that H ⊥(1/2) 1 (z) for the strange quark is consistent with zero. Finally, our model result of H ⊥ 1 for the up and down quarks does not always satisfy the positivity bound, i.e., in the large z region (z > 0.82) the positivity bound is violated. We note that similar violations of the positivity bound were also observed in Refs. [48, 67, 68] . An explanation was given in Ref. [69] , stating that the violation may arise from the fact that T-odd TMD distributions or fragmentation functions are evaluated to O(α s ), while in model calculations T-even TMD functions are usually truncated at the lowest order.
Since the energy scale in experiments is much higher than the model scale, it is important to include the QCD evolution of fragmentation functions to obtain reliable results for physical observables. In Refs. [70, 71] , the evolution equation for the twist-3 fragmentation functionĤ(z) has been studied. This fragmentation function is proportional to the first k T -moment of Collins function via the relation
The evolution kernel forĤ(z) has a rather complicated form. Following Ref. [72] , in this work we only consider the homogenous terms [71] in the kernel, which have the same form of the evolution kernel for the transversity distribution function h 1 :
We apply the evolution package QCDNUM [73] and custom the code to include the kernel in Eq. (26) (z) to the lower z region with increasing Q. At higher scale, the node of H ⊥(1) 1 (z) for the up or down quark also moves to the lower z region. The similar tendency also appeared in the transversity distribution function of the nucleon for the up quark in Ref. [54] . In order to demonstrate the evolution effects of fragmentation functions in the weighted azimuthal asymmetries, in Fig. 4 we also plot the ratio H
quark at three scales. We find that, in the region 0.2 < z < 0.7, the ratio H
2 ) increases with the increasing z at any energy scale. (23), in this section, we will numerically estimate the q 2 T -weighted cos 2φ 0 azimuthal asymmetry in the process
where the two leptons e + (with momentum l) and e − (with momentum l ′ ) annihilate into a photon with momentum q = (l + l ′ ). The photon then produces a quark-antiquark pair, which fragments into the final state hadron pair Λ,Λ and other unobserved states. In the unpolarized process, the double Collins effect shows up at the leading order (in 1/Q expansion), with a cos 2φ 0 modulation in the differential cross section [49, 50] : where φ 0 is the azimuthal angle of the Λ hyperon in the c.m frame of the incoming e + e − pair, with the z axis along the momentum ofΛ [49] . In Eq. (28) we adopt the notation
to express the convolution of transverse momenta with ω being an arbitrary function. z 1 and z 2 are the longitudinal momentum fraction of the produced Λ andΛ from the parent quarks; q T , k T and p T are the transverse momenta of the photon, the fragmenting quark and antiquark, respectively. The unit vectorĥ is defined asĥ = c.m.
where θ is the angle of between the momentum of the incoming lepton l and the z-axis. Since the differential cross section in Eq. (28) contains the convolutions of the TMD fragmentation functions depending on z and the transverse momentum, one needs to study the transverse momentum dependence behavior of the fragmentation functions, which is described by TMD evolution and is complicated to analyze. As an alternative approach, the transverse-momentum weighted asymmetries, for which the k T -moments of the fragmentation functions play an important role, have been proposed in Refs. [49, 74] . The weighted cross section in the process e + + e − → Λ +Λ + X can be defined as [50] 
where W is the weighting function.
Choosing the proper weighting function q 2 T cos 2φ 0 /4M 2 Λ , one can define the weighted Collins asymmetry as
We apply the above expression to estimate the cos 2φ 0 azimuthal asymmetry in the process e + e − → ΛΛX at Q = 10.52 GeV, which is the scale of the Belle measurement [10] and which is also close to the kinematics of the BaBar measurement. As the energy scales in these experiments are much higher than the model scale, we need to take into account the QCD evolution effects of the fragmentation functions.
To study the impact of the evolution effect, we adopt two different ways to calculate the weighted asymmetry A . One is to assume that all the fragmentation functions do not evolve with energy scale, which is an extreme condition. The other is to apply the evolution kernel in (26) for H ⊥(1) 1 (z) and the DGLAP evolution for D 1 (z). For the factor of B(y)/A(y) = sin 2 θ 1+cos 2 θ at Belle, the mean value in each (z 1 , z 2 ) bin is given in Ref. [10] , here we take 0.7 as a rough estimate.
In Fig. 5 , we plot the weighted azimuthal asymmetry A (z) are included. The solid lines indicate that the weighted asymmetry is positive, and it is sizable in the large z 1 or z 2 region. In addition, the asymmetry increases with increasing z. Similar results were also find in the case of pion pair production in e + e − annihilation [9, 20] . Comparing the solid lines and dashed lines, we can also see that the evolution effects significantly affect the weighted cos 2φ 0 asymmetry in the e + e − → ΛΛX process thereby it should not be neglected.
IV. CONCLUSION
In this work, we investigated the T-odd Collins function H ⊥ 1 of the Λ hyperon for light quarks as well as its contribution to the q 2 T -weighted cos 2φ 0 azimuthal asymmetry in e + e − → ΛΛX process. We calculated the Collins function of the Λ hyperon in the diquark spectator model by considering both the scalar and vector diquark components. In the calculation we adopted a Gaussian form factor for the hyperon-quark-diquark vertex, and we apply the values of the model parameters fitted from the DSV parametrization at the initial scale Q 2 0 = 0.23GeV
2 . The numerical result shows that the lambda Collins function for the up and down quark dominates over that for the strange quark. We also calculated the QCD evolution of the first k T -moment of the lambda Collins function and found that the evolution effects significantly alter H (z) and D 1 (z); the other is to neglect any scale dependence of fragmentation functions. We found that in the former case, the asymmetry is positive and increases with increasing z 1 and z 2 , which is similar to the case of the charged pion pair production in e + e − annihilation. Therefore it is feasible to measure this asymmetry through the Belle and BaBar experiments. We also found that the evolution effects significantly change the shape and size of the asymmetry. Our study may provide useful information on the lambda fragmentation function as well as the nonperturbative origin of the azimuthal asymmetry in e + e − annihilation.
